Journal of Applied Mechanics and Technical Physics, Vol. 39, No. 4, 1998

VARIATIONAL PRINCIPLES AND ESTIMATES
FOR THE RIGIDITIES OF BODIES WITH VOIDS

A. G. Kolpakov UDC 539.3

Variational principles and estimates (including two-sided estimates) are obtained for the
rigidities of bodies containing periodic systems of pores (voids). The problem is ezamined on
the basis of the asymptotic averaging method.

Formulation of the Problem. We are examining three-dimensional composites, plates, and beams.
By their rigidities, we mean the averaged elastic constants: in-plane and bending rigidities for a three-
dimensional composite, tensile and bending rigidities for a plate, and torsional rigidities for a beam. Rigidities
are calculated by means of formulas that follow from the asymptotic method in [1]. We note that most of the
bodies with periodically positioned voids are plates and beams.

We examine an elastic body with a periodic structure having the periodicity cell P., where € is the
characteristic dimension of the cell. We have a three-dimensional composite when the periodicity cell is
repeated along three coordinates, a plate when the periodicity cell is repeated along two coordinates, and a
beam when the periodicity cell is repeated along one coordinate. The resulting region is denoted by Q.. The
elastic constants of the body a;ji; are functions of the argument x/e and are periodic along z), z2, and z3
for the composite, along z; and z; for the plate, and along z; for the beam.

We examine the problem of the theory of elasticity in the region Q.. It is known [1-5] that as ¢ — 0
the solution of this problem approaches the solution of problems of the theory of elasticity for uniform bodies
[1-3], plate theory [3, 4], or beam theory {3, 5]. To obtain the rigidity characteristics of the above-indicated
limiting bodies, we solve a so-called cellular problem. This problem can be written as follows for all of the
cases considered:

eV + F{ (¥))i=0 in Py (1.1)
aiik(Y)(NEL + fi (Y))nj =0 onyUT; (12)
NM(y) is periodic over ym (m € D). (1.3)

Here y = x/¢ are dimensionless variables, P, = ¢”!P. = {y = x/e : x € P.} is a periodicity cell in
dimensionless variables, n is a normal to y UT (Fig. 1), M is a multiple index (D = {1, 2, 3} for three-
dimensional composites, D = {1, 2} for plates, and D = {1} for beams).
The rigidity characteristics are calculated from the formula
AM = (a;iu(y) (N + FE W+ 7)), (1.4)
1

where ( } = —3 / dy is the mean over a periodicity cell in the dimensionless coordinates y. Here S = PUQ;
mes
1

for three-dimensional composites, S is the projection of P U@ onto the plane Oyy2 for plates and onto the
Oy, axis for beams.
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Fig. 1 Periodicity cell voids P, for a beam: Q; are the, I' is
the free surface, 4 are the boundaries of voids, w; and w_ are
the adjacent boundaries of the periodicity cell.

Formula (1.2) was derived in [1, 2] for three-dimensional composites, in [4] for plates of constant
thickness, and in [6] for cylindrical beams. In the general case, they are derived from the cellular problem
(1.1), as they were in the studies just cited. The formulas for the averaged characteristics [1-6] have the form

AM = (1! y*(eiuy)(=1)"y" + ijmn(¥) Ny n(¥))) (1.5)

[M = (ijklvp), values of the indices having been given in [1-6] and thus being omitted here].
We use formula (1.2) as the initial formula. The elastic constants a;;z; are subject to the standard
conditions [7]: for all y € Py, we have

|a,-jk1(y)| < C < 00; (1.6)
aijri(y)eijent 2 cle,'jl2 for any e;; = e;ji, (1.7

where 0 < ¢ and C < oo are independent of y and e;;.
2. Variational Properties and Estimates for Rigidity. For the cellular problem (1.1)-(1.3) we
introduce the Lagrange functional

Ju(u) = G(Au), (2.1)
where 1
G(p) = 5(—aiju(y)pijpa — 2a:;0(y) f¥ (Y)pu); (2.2)
(Au)ij = u4j. (2.3)
The Lagrange functional is examined on the set of possible displacements:
V = {u € HY(P): u(y) is periodic over yn, (m € D)}. (2.4)

Equations (1.1)—(1.3) are the equations of the Euler variational problem
Ju(u) » max, ueV. (2.5)

If conditions (1.6)-(1.7) are satisfied, the solutions of problems (1.1)-(1.3) are accurate to within the
displacement values corresponding to the displacements of a rigid body [1-5]. On the set Vo = {u € V: (u) =
0} ((uySyy5) = 0 for a beam), the solutions of these problems are unique and coincide, since the equality

AM = (aiu(y) S N () = 2.(N¥) (2.6)
follows from (1.1), (1.4), and (2.1). Here J,(N¥) = max Ju(u).

Now we shall obtain the Castigliano functional. Following (8], we introduce the space H = {Lz(P1)}®
and its dual conjugate space H*. The dual problem of (2.5) is the problem [8]

k*(p*) — min, p* € H*, (2.7)
where

h*(p*) = sup sup [(A*p*,u) — (p*,q) — G(q)] = sup [(A"p",u) = G*(p")]. (2.8)
ueV geH ueV

612



Here G*(p*) is a functional conjugate with G(p), A*: H* — H is an operator conjugate with A, and (, )
denotes the operation of pairing of the elements of V* and V.
We examine the term (A*p*, u). It can be written in the form

* 1 * 1 * * *
(p*,Au) = —3 /Pijui,j dy = mesS[— /Pij,j”i dy + / pijnjui dy + /Pij"jui dY]- (2.9)
Py P] yul’ w

We integrate by parts in (2.9). If the sum of the integrals in the angle brackets in (2.9) is not equal to zero,
then the upper boundary of (2.8) is equal to +oo. In that case, (2.7) has a minimum which is not equal to
+oo if

pi;j=0in P, pinj=0 on 7UT, (2.10)
which corresponds to the equilibrium equation and boundary conditions in stresses.

Allowing for the fact that the values of the function u € V coincide at the boundaries w4 and w_, we
can write the last integral in (2.9) in the form

[ Bijinsuidy, (2.11)
wi

where [ ] denotes the difference in the values of the function at the boundaries of the periodicity cell w; and
w- (Fig. 1). In deriving (2.11), we considered that the normals to these boundaries oppose one another. The
periodicity condition for u € V must be satisfied in order to have integral (2.11) vanish for any p;n;.

We now introduce the set of allowable stresses

Y = {o0ij € H: 6i5,; =0 in Py, oijn; =0 on yUT, 0i;(y) is periodic over ym (m € D)}. (2.12)
We identify the space H with its conjugate space H* (o;; is identified with p;;). Then Eq. (2.8) takes

the form
K(p") = ~G*(0) + xz(0), (2.13)

where x5 is the indicator function of the set X [xg(¢) = 0 if 0;; € £ and xp(o) = +oo if 0i; & Z]. We
introduce the Castigliano functional J,(¢) = —G*(o). Then, with allowance for (2.13) problem (2.7) takes
the form

Je(0) = min, oy € L. (2.14)

The Korn inequality [1-6] is valid for the functions of V. Then the conditions of theorem III (8, Sec.
4.1] are satisfied on Vp, so that we obtain the equality max Ju(u) = rrél}l} h*(p*). Since J,(u) is independent
u o P‘ *

of the terms that correspond to the displacement of a rigid body, we have the equality

— : */_*
max Ju(u) = min h*(p"),

which in the present case takes the form

= mi . 2.1
glg/(]u(u) @1:;3],(0’) (2.15)

a,JE

Using Eq. (2.6), we obtain the following equality from (2.15):
AM = (au(y) i () 1l (¥)) — 2max Ju(w), (2.16)

AM = (0 A ) Y () - 2;3:15% Jo(),

which represents two variational principles (in displacements and in stresses) for rigidity.
With arbitrary u € V, i; € I, we use (2.16) to obtain a two-sided estimate

(@) M) () - 20u(u) 2 AM 2 (@i (y) N (v)) = 2J5(0). (2.17)
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Fig. 2. Periodicity cells: P; is the initial
cell, P is the circumscribed cell, and P
is the inscribed cell.

The functional G*(p*) is easily calculated [8):

G*(0") = —5 ah(y)plpkt — F (V)FS ~ s A ). (218)

Here a;ji, is the tensor that is the inverse of a;ji.

3. Estimates for Rigidities. Inscribed and Circumscribed Periodicity Cells. For materials with voids,
we can introduce inscribed P and circumscribed P periodicity cells into the discussion: P C P, C P. Here
the boundaries of the periodicity cell P and P, which intersect w; and w_, must be congruent (Fig. 2).

The variational principle in displacements (2.16) can be written in the form

M_ .
A™ = mip f(u), (3.1)
where

F(u) = {aiju(y)(uij + £ ) urg + FY 1)).

Equation (3.1) follows from (2.1)~(2.3) with allowance for the known symmetries of the elastic constants
ai;kt (7). _ .

Now we introduce the set of possible displacements V and V by replacing P; in (2.4) by P and P,
respectively. We also define three functionals F(u), F(u), and F(u) on one space V, assuming that a;;u(y) =0
outside V for the functional F(u) and that a;ju(y) = 0 outside P; for F(u). By virtue of conditions (1.6)
and (1.7), for any u € V we have

F(u) € F(u) < F(u); (3:2)

min £(u) = mig F(u), min F(u) = mig F(u). (3.3)
Having taken the minimum in (3.2) for u € V and using (3.3) and the variational principle (3.1), which
is valid for each P, P;, and P from the periodicity cell, we obtain

AM < AM <7, (3.4)

where A and AM are the rigidities of the structures formed on the basis of the inscribed and circumscribed
periodicity cell.

Formula (3.4) generalizes a well-known fact of the mechanics of finite-dimensional structures: the
addition or removal of a constraint does not decrease or increase rigidity.

Now we examine the case where a periodicity cell P; is divided into two nonintersecting periodicity
cells P! and P2, the projections S of which coincide with the projection of P,. We use the variational principle
in stresses. We introduce the set of allowable stresses £! and ©2 by replacing Py by P! and P? in (2.12). For
the allowable stresses determined on P!, we introduce the continuation operator

L 01]()’) fOl‘yEPl,
Coij = { 0 for y € P{\P'. (3:5)

We prove that Coij € T. To do this, it is sufficient to establish that of; = Coij satisfies the equality
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. = 0. We multiply of; ¢ ;, where ¢(y) belongs to the set of smooth finite functions D(P1) [9]. Integrating

T5j.i
by parts with allowance for the fact that o;;n; = 0 on v, we obtain the equality
/ olipidy = — / oijip dy + / oijnjpi dy (3.6)
P1 P] Y

for any ¢ € D(P1), which proves the above proposition.
Similarly to (3.5), we introduce the continuation operator from %2 into £. We use for it the same
notation C.
Similarly to (3.6), it can be proved that Ca + CO' € ¥ for any a € &! and a € T2
Since CX! + CX? C T (CZ* denotes the i 1mage of E' in the contmua.tlon of C), we have
max Js(0) 2 max J,(Ca’ + CO'U) = max JY o) + max, J2(o?), (3.1
oi; €L ol;ex! o€zt o%ex?
a?jezz
where J! and J2 is the contraction of the function J, on E! and £2 (P! and P? are the regions of integration).
We represent the functional J, on the set CX! + CX? in the form of a sum by virtue of definition (2.18)
and the fact that a}j and a',~2j have nonintersecting carriers (the regions in which they are nontrivial). We also
represent the functional {(a;;xi(y) f,lj‘f’ ¥) f,f{ (y)) in the form of a sum.
In accordance with (3.7) and the variational principle in stresses (2.16), we obtain

AM = (@) ) M (v)) - 2 max Jo(o) < (@i Oh

-2 mg:c o) + (aiiu¥) A ) (¥)2 - 2 mgx T (a?), (3.8)

where ( )1 and ( ), are the means of P! and P? over the periodicity cell.
As a result of applying the variational principle (2.16) to periodicity cells P! and P2, we obtain the
following inequality from (3.8):

AM > A 4 A2, (3.9)
Having written inequality (3.9) for the inscribed and circumscribed cells, we obtain
AM < AM 15, AM < AM g, (3.10)
where § and § are calculated from the formula (a;;1(y) ,Af ¥ My)Na-2 vmg)(c ) Js(0), in which A = P\ P,

for § and A = P\ P, for §.

Here §(8) is the rigidity of the structure A, equal to the difference between P and the inscribed
(circumscribed) structures.

It follows from (3.10) that the rigidity of the composite structure is less than the sum of the rigidities
of its components.

Voigt Estimate (Estimate from Above). We take the allowable displacements in the form u = 0. We find
from (2.17) that

AM < (aiiny) P Y () (3.11)

Reiss Estimate (estimate from below). Let y,» (m € D) be the variables over which periodicity occurs.
Let ys be an additional variable (which does not exist for three-dimensional composites; this is y3 for plates
and y; or y3 for beams). We assume that the periodicity cell is planar (for the plate) or cylindrical (for the
beam). Then the allowable stresses have the form
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(Cij are arbitrary constants for the three-dimensional composite; Ci3 = C3; = 0 for the plate and Cj; # 0 only
for the beam; n is an arbitrary integer for plates and beams, while n = 0 for three-dimensional composites).
With allowance for (2.18), the estimate of (2.17) from below can be written in the form

AM > (~agy()oiion + 26l (v)ow). (3.13)
With allowance for (3.12), we write the right side of inequality (3.13) as follows:
—CiiCrilagu (Y5 + Cul Y (¥)vh).- (3.14)

There are no restrictions on Cj;. We subject (3.14) to unconditional maximization with respect to Cj;.
The Euler equation for (3.14) has the form
- M
—Crulagu(y)vi™) + (fif (y)vp) = 0.

Its solution is

Cij = (e (A D (3.15)

(the superscript —1 denotes inversion of the tensor of the corresponding dimensionality).
Substitution of (3.15) into (3 14) gives

2 (au) AT A )vh)- (3.16)

4. Examples of Estimates. Let us give the form of the function f,-g’ (y) and values of the multiple
superscript M that characterize concrete structures — three-dimensional composites, plates, and beams.
For a three-dimensional composite [1-3, 9], we have

My) =suby, M =(ijif), i,j=1,2,3.

Using these formulas and (3.10) and (3.16), we arrive at the classical Lagrange and Castigliano
functionals and the Voigt and Reiss estimates for the averaged elastic constants A;ji;

(aijis(¥)) > Aijij > (aiji;(v)) (41)
An estimate for the averaged coefficients of elliptic equations, which is similar to (4.1), was obtained
in [10).
The functions fg’ for a plate have the form [3, 4, 9]
fgﬂ (¥) = biabjp, M = (aBap0) for tensile—compressive rigidities and

FEP(y) = —biabipys, M =(aBof2), o,f=1,2 ij=1,23
for bending-torsional rigidities.
Using these formulas, we arrive at the following estimates for the rigidities of the plate:
(aagap(y)) 2 Aaﬁaﬂ (a;};aﬁ(y))‘l in tension-compression and
(2apas(¥)¥3) = Abgap > (¥3)%(a7545(¥)¥3) ™" in bending/torsion.
The functions f¥ for a beam have the form [9]
3-’ (¥) = 6i16;1, M = (0) in tension/compression,

f,’,”(y) = —6i16;1Ya, M = (@) in bending, and
(Y) Syy;6i181, M = (b) (4, =1,2,3,y=2,3,7=2ify=3,y=3if7y=2,S2 =1, and
S3 = ) in torsion.

Using these formulas, we obtain two-sided estimates for the rigidities of the beam:
{anm(y)) = A > 1/{1/a1111(y)) in tension,

(a1 (y)vd) > A% > (¥2)?/(y5/ann(y)) in bending, and

(a1 (V)y) = 4° 2 (43 +43)*/{(43 + ¥3)/a1y14(y)) in torsion.
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